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In 1948 R. M. Thrall [ 143 introduced several generalizations of the con- 
cept of a Quasi-Frobenius algebra over a field. In particular, he called an 
algebra R (right) QF 3 if there is a minimal faithful right R-module U, in 
the sense that if a module M, is faithful, then M= U@ N for an 
appropriate module N,. Since then, many authors studied rings satisfying 
that condition, calling them right QF 3 rings. However, it should be noted 
that Thrall’s original definition of a right QF 3 ring, applied to an arbitrary 
ring, was considered for the first time in 1969 by Colby and Rutter [3]. 
Indeed, in all previous papers, the authors were concerned with right QF 3 
rings satisfying some additional conditions, such as being (right and left) 
artinian or, at least, semiprimary. One of the basic results obtained by 
Colby and Rutter is the following (see [3, Theorem 11): a ring R 
(associative with unit) is a right QF 3 ring if and only if there is a finite 
family (en)A,n of pairwise orthogonal idempotents of R, with e,R & e, R if 
II # ,u, such that each eA R is the injective envelope of a minimal right ideal 
and W= xi e,R is a faithful right ideal; if it is the case, then W, is a 
minimal faithful module, as explained above. 
The natural extension of the concept of a right QF 3 ring, which consists 
in casting out the finiteness condition on the set A, was considered by 
Y. Kawada in [lo]: he calls R a right N-QF 3 ring if there is a family 
(eAsn of idempotents of R satisfying the above conditions. Here H stands 
for the cardinality of A, so that a right QF 3 ring is nothing else than a 
right N-QF 3 ring with K a finite cardinal. 
Right N-QF 3 rings share with right QF 3 rings several known proper- 
ties and Kawada gave in his paper a way to build examples of such rings 
(see [lo, Theorem 5.73). 
The purpose of the present paper is the study of right N-QF 3 rings with 
zero singular right ideal. The results that we shall obtain generalize some 
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results which are known to be valid for semiprimary QF 3 rings and non- 
singular QF 3 rings (see [2, 33). 
In the first section we give some preliminary results concerning right 
pseudoperfect rings. Also these rings were introduced by Kawada in [lo] 
(see later for the precise definition); they generalize semiperfect rings with 
essential left socle and hence right perfect rings. We show, among others, 
that a right pseudoperfect, left nonsingular ring is nothing else than a left 
nonsingular ring with essential left socle. 
The second section is devoted to the study of right nonsingular right 
N-QF 3 rings. The starting point is the observation that a right N-QF 3 
ring R is right nonsingular if and only if it has projective right socle (see 
Theorem 2.4), in which case R is also left nonsingular and both the right 
and the left socles of R are essential. We proceed then to generalize some 
results of Colby and Rutter, concerning semiprimary QF 3 rings, to right 
K-QF 3 rings. We are finally led to prove the two main theorems of our 
work. The first one (Theorem 2.11) states that, given a ring R, the follow- 
ing conditions are equivalent: (a) R is a right nonsingular, right N-QF 3 
ring; (b) R is right nonsingular, E(R,) is torsionless, and R has essential 
right socle; (c) R has essential right socle, and a module M, is torsionless 
iff it is nonsingular; (d) R is a two-sided essential product (in the sense of 
Goodearl [S, p, 1151) of a family of right nonsingular right QF 3 rings, 
each with homogeneous right socle. In the second theorem (Theorem 2.14) 
we state that, for a ring R, the following conditions are equivalent: (a) R is 
right nonsingular and is a right and left N-QF 3 ring; (b) R has a faithful 
right ideal W and a faithful left ideal I’, which are both direct sums of 
pairwise nonisomorphic indecomposable injectives, and End W, is a direct 
product of simple artinian rings; (c) R is a subring of a direct product Q of 
simple artinian rings and contains a faithful right ideal and a faithful left 
ideal of Q; (d) R has a two-sided maximal ring of quotients which is a 
direct product of simple artinian rings and has both essential right and left 
socles; (e) R is a two-sided essential product of right and left nonsingular, 
right and left QF 3 rings, each with homogeneous right and left socles. The 
last theorem is then a generalization of [3, Theorem 51. 
Throughout this paper al rings and modules are assumed to be unitary. 
Given a right R-module M, we shall denote with E(M), J(M), Z(M), and 
Sot M, resp., the injective envelope, the Jacobson radical, the singular sub- 
module, and the socle of M; the notation N < M, (resp. Ng M,) will 
mean that N is an R-submodule (resp. an essential R-submodule) of M. 
Given a subset Xc M, rR(X) will be the right annihilator of X in R; 
similarly, if M is a left R-module, ZR(X) will be the left annihilator of X in 
R. We shall denote with Q’(R) (resp. Q”(R)) the maximal right (resp. left) 
ring of quotients of R. It is well known that Q’(R) is Von Neumann regular 
iff Z(R,) = 0, in which case Q’(R) = E(R,). 
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1. RIGHT PSEUDOPERFECT RINGS WITH 
ZERO SINGULAR LEFT IDEAL 
Let R be a given ring. We say that two idempotents e, f E R are non- 
isomorphic if eR & fR; we say that e is local if eRe is a local ring. Follow- 
ing Kawada [ 101, we shall adopt the following definitions: a module W, is 
dominant if it is faithful, projective and each simple factor module of ,W, 
where S = End W,, can be imbedded into Sot , W; the ring R is a right 
dominant ring provided there exists a dominant right R-module; the ring R 
is right pseudoperfect in case there is a family (ei)i,n of pairwise non- 
isomorphic local idempotents of R such that W, = & e,R is dominant. 
Kawada proved in [ 10, Theorem 3.11 that a right dominant ring has the 
smallest dense left ideal (a left ideal A is dense in R if Hom,(B/A, R) = 0 
whenever A < Bd RR; it is well known that a dense left ideal is essential; 
the converse is true iff Z(,R) =O); moreover R is right pseudoperfect iff 
there is a family (e,),,, of pairwise nonisomorphic local idempotents of R 
such that the simple left R-modules Re,/J(R) e, (A E A) are representatives 
of all minimal left ideals and W, = En e,R is faithful (see [ 10, 
Corollary 4.21). Because of that, right pseudoperfect rings generalize 
semiperfect rings with essential left socle and hence right perfect rings. We 
point out that the concept of a dominant module was originally given by 
Kato in [9] in a narrower sense: a dominant module in the sense of Kato 
is a finitely generated dominant module in the sense of Kawada. 
The following lemma generalizes [3, Lemma 21. 
LEMMA 1.1. Given a ring R, suppose that there is a family (el)i.E ,, of 
pairwise nonisomorphic local idempotents such that W, = CA e, R is faithful 
and assume that at least one of the following conditions holds: 
(i) the en’s are pairwise orthogonal and End W, is a direct product of 
simple artinian rings; 
(ii) Z(R,) = 0 and each ei.R, is injective. 
Then RW=Soc .Ra,R andZ(,R)=O. 
Proof Let us prove first that RWa RR. Indeed, if A is a left ideal of R 
such that AnRW=O, then WAcRWAcRWnA=O and hence A=O, 
being W, faithful. 
We claim that R WC Sot RR, from which it will follow that R W = Sot 
.Rg RR. Each en being local, it is sufficient to prove that J(R) eA = 0 for 
each II E A. Assume that (i) holds. Then S = End W, can be viewed as the 
ring of all column finite (A, A)-matrices where, for each a ES and 2, ,u E A, 
the (A, p)-entry of a ranges in the (e,Re,, e,R,)-bimodule e,Re, = 
Horn.(e). R, e, R) (operations in S are the usual matrix sum and mul- 
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tiplication). Our assumption on S implies that there is a partition (A,), E r 
of LI, consisting of finite subsets, such that the following are true: 
(a) if y, y’ E r are such that y # y’ and ,l E A,, p E A?., then e,ReA = 0; 
(b) for each y E r, if we write fY = CL. ,,? e,, then & Rf? = End 
CZ As/t, e,R), is simple artinian; 
(~1 S=H,..f,Rfy. 
We have then O=J(S)=n,,, J(f,Rf,)=n,.,f,J(R)f,. Since 
fJ(R) f,= @l,PE,,, e,J(R) e, for each YET, we conclude that 
e,J(R) eA = 0 for each I, ~1 E /i. Thus J(e) e, = 0 for each I E A, being W, 
faithful. 
Assume now that (ii) holds and suppose that there are A E LI and x E J( R) 
such that xe, # 0. Then the map a: e, R + J(R) defined by a(elr) = xe,r is a 
monomorphism, being e,R uniform and Z( RR) = 0. Thus J(R) contains a 
nonzero injective right ideal, which is impossible. 
Finally, since Sot RR = RW is a faithful right ideal, it follows that 
Z(RR)=O. 1 
In the next theorem we characterize right pseudoperfect rings with zero 
singular left ideal. 
THEOREM 1.2. Given a ring R, the following conditions are equivalent: 
(1) R is right pseudoperfect and Z( RR) = 0. 
(2) R is right dominant and Z(,R) = 0. 
(3) Sot .Ra RR and Z(,R) = 0. 
(4) .[E(Soc RR)] is faithful and Z( RR) = 0. 
(5) There is a family (eJl,,, of pairwise nonisomorphic and pairwise 
orthogonal local idempotents such that W, = J$ eA R is faithful and End W, 
is a direct product of simple artinian rings. 
If these conditions hold, then Sot RR = R W and the homogeneous com- 
ponents of Sot RR are given by Re, R (A E A). 
ProoJ: (1) * (2). It is clear from the definitions. 
(2) * (3). Inasmuch as Z( RR) = 0, then a left ideal of R is dense iff it 
is essential. If R is right dominant, then by [lo, Theorem 3.11 R has the 
smallest dense left ideal which is, consequently, also the smallest essential 
left ideal. This proves that Sot RRg RR. 
(3) + (4). It is straightforward. 
(4) * (1) and (4) * (5). First, Sot RR is projective, being Z( RR) = 0. 
We may then consider a family (eJlen of pairwise nonisomorphic idem- 
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potents of R such that the Re,‘s are representatives of all minimal left 
ideals. Each e, is local, being e, Re, a division ring; moreover, if i # p, then 
e,e, = 0, otherwise there would be a nonzero R-homomorphism from Re,, 
to Re,. Thus the ei’.s are pairwise orthogonal. Since RedJ(R) e, g Re, for 
all 2 ~/i, it follows from [ 10, Theorem 4.11 that R is right pseudoperfect 
and W, = CA ei R is faithful. Finally, End W, = I7j, e, Re,, a direct product 
of division rings. The implication (5) * (3) as well as the last statement of 
our theorem, is a consequence of Lemma 1.1 4 
Remark 1.3. The equivalence of conditions (2) and (3) in Theorem 1.2 
was proved by Rutter in [ll, Proposition 1.91 in a narrower situation, 
namely, by assuming in (2) that R has a finitely generated dominant right 
R-module and in (3) that R has finitely many nonisomorphic minimal left 
ideals. 
Remark 1.4. Kawada proved (see [ 10, Corollary 2.71) that if R is right 
dominant, then .[E(Soc RR)] is faithful. The foregoing theorem tells us 
that the converse is true in case Z( RR) = 0. 
2. RIGHT N-QF 3 RINGS WITH ZERO SINGULAR RIGHT IDEAL 
A ring R is called right QF 3 if there is a minimal faithful module U,, in 
the sense that for every faithful module M, one has M, = U@ N for an 
appropriate module N,. The following result is due to Colby and Rutter 
(see [3, Theorem 11). 
THEOREM 2.1. Given a ring R, the following conditions are equivalent: 
(1) R is a right QF 3 ring. 
(2) There are pairwise nonisomorphic simple right R-modules S1,..., S, 
such that E(S, ) 0 . . . @ E(S,) is isomorphic to a faithful right ideal of R. 
It turns out that R is right QF 3 iff there is a finite sequence ei,..., e, of 
pairwise nonisomorphic and pairwise orthogonal idempotents of R such 
that each e, R (A E {l,..., n}) is the injective envelope of a minimal right 
ideal and the right ideal e, R @ * . . @e, R is faithful. 
The natural extension of the concept of a right QF 3 ring was given by 
Kawada in [lo J: the ring R is called right N-QF 3 (here N is a cardinal 
number) if there is a family (el)lE,, of pair-wise nonisomorphic and 
pairwise orthogonal idempotents, with Card(n) = N, such that every eAR is 
the injective envelope of a minimal right ideal and the right ideal 
W= &e,R is faithful. It should be noted that the definition given by 
Kawada is a little different from that given above. Indeed, in [lo] a right 
N-QF 3 ring is a ring R with a family (el)nen of pairwise nonisomorphic 
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and pairwise orthogonal local idempotents such that every e, R is injective 
with a simple socle and the right ideal W, defined as above, is faithful. 
However, it is not difficult to check that an injective module E, has a sim- 
ple essential socle iff End E, is local and E, has a simple socle. Thus our 
definition agrees with Kawada’s original definition. 
A right QF 3 ring is nothing else than a right K-QF 3 ring where the 
cardinal N is finite. If R is right K-QF 3 and W= Cz e,R is as in the 
definition, then R is right pseudoperfect and W, is dominant (see [ 10, 
Theorem 5.1 I). 
Our program is the study of right K-QF 3 rings which are right non- 
singular. To this purpose, we shall need a result concerning the projective 
homogeneous components of the right socle, which was proved in [l, 
Proposition 1.4 and Corollary 1.51. For a given ring R, we shall denote 
with P a chosen set of representatives of all simple projective right 
R-modules; if AcP, then Sot,(M) wil denote the A-homogeneous com- 
ponent of the socle of a module Al,. 
PROPOSITION 2.2. Let K be a two-sided ideal contained in Sot R,. Then 
the following conditions are equivalent: 
(1) K2=K. 
(2) For each right ideal A of R, A A K = AK, 
(3) There is a subset A c P such that K= Soc,(R,). 
Zf these conditions hold, then for each module M, we have Sot,(M) = MK. 
PROPOSITION 2.3. Zf R is a right K-QF 3 ring and W= Cn e,R is as in 
the definition, then the set {e,R( Iz E A} contains a copy of the injective 
envelope of each minimal right ideal of R; consequently, it contains a copy of 
the injective envelope of each simple projective right R-module. In particular, 
tf R is a right QF 3 ring, then the set P is finite. 
Proof. For each I E A, let A, be the only minimal right subideal of en R 
and let A be any minimal right ideal of R. Then the faithfulness of W, 
implies WA #O for some w  E W. Let w  =Ci elrl with rl in R. Then 
e,r,A #O for some A. Since A, is simple, e,rlA,zA, and so eArlA is a 
minimal right subideal of eAR. Thus e,r,A = A, and e,R = E(An), = 
E(A),. I 
THEOREM 2.4. Let R be a right K-QF 3 ring, let W= Cn e,R be as in the 
definition, and let S = Sot R,. Then the following conditions are equivalent: 
(1) Z(R,)=O. 
(2) SR is projective. 
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(3) ,J is faithful 
(4) S,_a R, and S2 = S. 
(5) R is left pseudoperfect and Z(R,) = 0. 
Moreover, each of the above conditions implies the following: 
(6) RW=Soc .Ra.R and Z(,R)=O. 
ProoJ ( 1) * (2) is well known. 
(2)a (3). Assume S, projective and let L= IR(S). From the 
hypothesis we have Sot W, = Wn Sg W,. If L were not zero, being W, 
faithful, it would follow WL #O, so Wn L #O. Consequently 
Sot W, n L # 0 and we infer, by Proposition 2.2, that LS= Ln S# 0, a 
contradiction. Thus L = 0, i.e., ,J is faithful. 
(3) * (4). Suppose that ,$ is faithful. Let us write S’= S2 = 
Soc,(R,) (see Proposition 2.2) and let S” be the nonprojective component 
of S. Then S’S’ = 0 and S’S” = 0 since S” c J(R); we infer 
S’S = S”(S’ @ S”) = S’S’ @ S’S” = 0. This implies S” = 0, being ,$ faithful, 
therefore S= S’ = S2. Now the faithfulness of ,J implies Sa R, by 
Proposition 2.2. 
(4) * (5). Assume (4) and let I= Z(R,). Then I is a two-sided ideal 
and IS= 0. On the other hand, In S = IS by Proposition 2.2. Thus we 
have InS=O. Since S,sR,, this implies I= 0. The fact that R is left 
pseudoperfect is now a consequence of Theorem 1.2. 
(5)=+(l) is obvious. 
(1) = (6) follows from Lemma 1.1. 1 
Remark 2.5. The condition (6) in the above theorem need not imply, in 
general, the others. In fact, let us consider the ring R = (g cp), where A is 
a Cozzens domain (i.e., A is a simple noetherian, non-artinian V-domain, 
see [4, p. 78]), S, is simple, and C = End S,. Tachikawa has shown in 
[ 13, p. 781 that R is a right QF 3 ring, with (z i) as minimal faithful 
right R-module, which is not left QF 3. We have Sot RR = ($ :)A RR and 
Z(.R)=O, but Z(R,)=(; ;)=SocR,#O. 
Remark 2.6. For a right N-QF 3 ring, the condition of being left 
pseudoperfect and/or having essential right socle does not imply, in 
general, that R is right nonsingular. Indeed, it is well known that there 
exist Quasi-Frobenius rings (which are therefore right and left QF 3 rings) 
having essential singular right ideal. 
The following corollary displays the situation which arises by consider- 
ing a right nonsingular right K-QF 3 ring. 
COROLLARY 2.7. Suppose that R is a right nonsingular right K-QF 3 ring 
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and let W = CA e, R be as in the definition. Then (Re, ( A E A} is a set of 
representatives of all minimal left ideals of R. Moreover, there is a family 
(fAAe” of pairwise nonisomorphic and pairwise orthognal idempotents of R 
such that the following are true: 
(i) {fARln-I) is a set of representatives of all minimal right ideals 
ofR; 
(ii) For every 1~ A, e,RrE(f,R); 
(iii) The left ideal V= En RfA is faithful (in fact it is dominant). 
Proof It is a direct consequence of Theorem 2.4, taking into account 
that RedJ(R) eA is isomorphic to a minimal left ideal for each 1, E: n (see 
[lo, Theorem 5.11). 1 
If R is a right N-QF 3 ring, then every subring of Q’(R) containing R is a 
right K-QF 3 ring (see [lo, Proposition 5.61 as well as [13, 
Proposition 4.3, p. 451). As we are going to prove, if moreover R is right 
nonsingular, then Q’(R) contains more right )C-QF 3 rings besides those 
containing R. In the next proposition we set Q’ = Q’(R). 
PROPOSITION 2.8. Let R be a right nonsingular right N-QF 3 ring, let 
W= CA eA R be as in the definition, and let V= CA Rfn be as in 
Corollary 2.1. Zf S is a subring of Q’ such that V + WC S, then S is a right 
nonsingular right N-QF 3 ring, Q’ = Q’(S), and Sot Ss = VS. 
Proof Let us prove first that Q’ = Q’(S). R is left pseudoperfect with V 
as dominant left ideal by Theorem 2.4 and Corollary 2.7. Therefore it 
follows from [ 10, Corollary 2.51 that Q’ = BiEnd RV and hence S is left 
pseudoperfect, with V= SV as dominant left ideal by [ 10, 
Proposition 4.61. Moreover VS is the smallest dense right ideal of S and Q’ 
is the maximal right ring of quotients of S by [lo, Corollary 3.21. 
Inasmuch as Z(R,) = 0, then Q’ is Von Neumann regular. We infer that 
Z(S,) = 0 and hence VS = Sot S,g S,. 
Let us prove that, for every 1 E A, eA S, is injective, indecomposable and 
has a simple socle. Being elR, injective, then e, R = eiQ’. We infer that 
enR=eA(e,R)ce,Sce,Q’=e,R and hence e,S=enR=eAQ’. This shows 
that e,Ss is injective; it is also indecomposable, since e,Se, = eA Re, is a 
division ring. This fact, together with Sot S,(IS,, implies that enSs has a 
simple socle. 
Finally, since eR R = e, Q’ for each 1 E /i and Ra Qi, then W is a faithful 
right ideal of Q’. Thus W= CA eA R = xi e,S is a faithful right ideal of S 
and we conclude that S is right K-QF 3. 1 
Recall that a module M, is torsionless if for each nonzero x E M there is 
some f o Hom.(M, R) = M* such that f(x) #O; equivalently M is tor- 
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sionless if there is an imbedding M c=----+ R” for some set A. Let us con- 
sider the following classes of right R-modules: 
T= {M,IM*=O}, 
F= {N,)L*#O for each LdN}, 
L = (L,) L is torsionless}. 
It is immediate to prove that the pair (T, F) is a torsion theory, which 
need not be hereditary (see [8] for details). The class L is clearly closed by 
submodules and direct products; it need not be closed by extensions by 
elements of L, i.e., it need not be a torsionfree class. Let us denote by 
(D, E) and (G, H) the Lambek torsion theory and the Goldie torsion 
theory, respectively, namely, 
D= {M,IHom.(M, E(R,))=O) and H= {N,IZ(N)=O}. 
Both (D, E) and (G, H) are hereditary and we have, in general, the follow- 
ing inclusions: 
DcTnG, LcFcExH. 
Moreover D = G iff Z(R,) = 0. 
The equivalence of the first three conditions in the following proposition 
was proved by Jans in [8, Theorems 2 and 3 and its Corollary], while the 
equivalence between the first and the fourth is due to Colby and Rutter 
(see [2, Theorem 11). 
PROPOSITION 2.9. Given a ring R, the following conditions are equivalent: 
(1) L is a torsionfree class and (T, F) is a hereditary torsion theory. 
(2) T=D andL=F (andhence L=E=F). 
(3) E(R,) is torsionless. 
(4) L is closed by essential extensions. 
Colby and Rutter proved also that if R is semiprimary, then the con- 
ditions (3) and (4) of the above proposition are equivalent to the condition 
that R is right QF 3 (see [2, Theorem 21). Actually their proof is valid if 
one only assumes that R is left perfect, as it was observed by Tachikawa in 
[ 12, Proposition 3.11. Now if R is left perfect, then every right R-module 
has essential socle; in particular Sot R,_a R, and hence [E(Soc RR)IR is 
faithful. We are going to prove that, by only assuming [E(Soc RR)IR 
faithful, the conditions stated in Proposition 2.9 are equivalent to the fact 
that R is right N-QF 3 (or right QF 3, if R has only finitely many non- 
isomorphic minimal right ideals). 
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We say that R is a right QF 3’ ring if E(R,) is torsionless. 
THEOREM 2.10. Zf R is a ring such that [ E(Soc RR)] R is faithful (in par- 
ticular if R is left dominant: see [ 10, Corollary 2.7]), then the following con- 
ditions are equivalent: 
(1) L is closed by essential extensions. 
(2) R contains an isomorphic copy of the injective envelope of each 
minimal right ideal. 
(3) R is a right N-QF 3 ring. 
(4) R is a right QF 3’ ring. 
Proof: (1) =z- (2). If U < RA is simple, then U E L and hence E(U) E L. 
Thus there is f E Hom,(E( U), R) such that f ( U) # 0. Since Ker f n U = 0, it 
follows that Ker f = 0 and therefore E(U) imbeds into R. 
(2) =z. (3). The hypothesis of the theorem implies that Sot RR # 0, so 
we can write Sot R, = Bye,- U,, where the U,‘s are minimal right ideals. 
Clearly we have 
Sot R,g 0 E(U,)c n E(U,) 
YET YET 
and therefore, since the latter is injective, we may assume that 
0 E(U,)c E(Soc R,)c fi E(U,). 
Ycr YET 
Here the annihilators of the first and the third term coincide, whence 
rR( @ y E r E( U,)) = r,(E(Soc RR)) = 0. Thus, if we choose a subset A c r 
such that the Un’s (A E A) are representatives of all minimal right ideals, 
then the right R-module @ z E ,, E( U,) is faithful and projective, being each 
E(U,J projective by our assumption. It follows from [lo, Proposition 5.41 
that R is a right K-QF 3 ring. 
(3) + (4). See [ 10, Theorem S.l(iii)]. 
(4) * (1). It follows from Proposition 2.9. 1 
We are now able to state and prove the main theorem which charac- 
terizes the right nonsingular right K-QF 3 rings. 
Following Goodearl [ 5, p. 1151, we say that .a ring R is a right essential 
product of a family ( R,)A E ,, of rings if R is a subdirect product of the RI’s 
and, by identifying R with a subring and each RA with a two-sided ideal of 
the ring n, R,, for all Iz E A R n RA is an essential right ideal of R,. If it is 
the case and each RA is right nonsingular, then R is right nonsingular and 
Q’(R) = n, Q’(RA) (see [S, Proposition 4.15, p. 1181). 
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THEOREM 2.11. Given a ring R, the following conditions are equivalent: 
(1) R is right N-QF 3 and Z(R,) = 0. 
(2) R is right QF 3’, Z(R,) = 0, and Sot R,sR,. 
(3) T = G, and Sot R,a R,. 
(4) L = H, i.e., a module M, is torsionless iff it is nonsingular, and 
Sot R,a R,. 
(5) (T, F) is a hereditary torsion theory and Z(R,) = 0, and 
Sot R&R,. 
(6) R is a two-sided essential product of a family (R,),, ,, of right non- 
singular right QF 3 rings, each with homogeneous right socle. 
Proof: (l)-(2). It is a consequence of Theorem 2.10, taking into 
account Theorems 2.6 and 1.2. 
(2) + (3). It is a consequence of Proposition 2.9, since D = G iff 
Z( RR) = 0. 
(3) 3 (5). If T = G, then T is closed by submodules and F = H. This 
implies that R E H and hence E(R,) E H. We infer that G c D and therefore 
G = D, since the opposite inclusion always holds. Thus Z(R,) = 0. 
(5) * (2). See [ 15, Proposition 21. 
(2)* (4). By Proposition 2.9 we have T=D and L= F. Moreover 
Z(R,) =0 implies that E= H. We infer that T= D = G and hence 
L=F=H. 
(4) => (2). It follows again from Proposition 2.9, since L = H implies 
that L is closed by essential extensions. 
(1) 3 (6). Suppose that R is a right nonsingular right N-QF 3 ring, 
let W= CA e, R be as in the definition, and let V= CA RfA be as in 
Corollary 2.7, so that Sot RR = VRd R, and Sot nR = R WA nR. In par- 
ticular, for each 1 E A, fARR, R Re, are simple and we have, according to 
Proposition 2.2, Socf,,JRR) = RfA R and SocRe,,( RR) = Re, R. By consider- 
ing the two-sided ideals L1 = lR(Rfn R) and the rings RA = R/L, (A E A), we 
have from [6, Theorem 3.21 that R is a subdirect product of the rings R, 
and each RA is right nonsingular with homogeneous right socle. Further- 
more, by identifying R with a subring and each R, with a two-sided ideal 
of n, RA, Soc( Ri)n is identified with Rf* R; in particular fA R = fA RA is the 
only (up to an isomorphism) minimal right ideal of RA. Since 
@A R1 f,R, = @A RfnR c R, then R is a right essential product of the 
rings Rn. 
Let us prove that every RA is right QF 3. Inasmuch as e, RgE(f,R,), 
then e, R n L, = 0 and hence e,L, =eARLAce,RnL,=O. Being Re,R= 
SocRel( RR) projective and taking into account Proposition 2.2, we infer that 
Rej.R n LA = ReA RL, = ReALA = 0. Thus Re,R c R,. It is now clear that 
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e,R = elR, is isomorphic to the R,-injective envelope of fA RA. Since 
Soc(R,), is essential in R,, then [E(Soc(R,),)],, is faithful; thus RA is 
right QF 3 by Theorem 2.10. 
We have now from Theorem 2.4 that SockA = R,elR, = Re,R is an 
essential left ideal of RI. Since xi Ren R = R W t R, we conclude that R is a 
left essential product of the rings RA. 
(6) => (1). Assume that condition (6) holds. Then, according to 
Corollary 2.7, for each 1 E n there are two idempotents el, fn E R such that 
Soc(R,),,=R,f,R,, Soc,,(R,)=RneAR, and enRA=E((fAR,),,) is a 
faithful right ideal of RA. If we set T=n,R,, then eAT=e,R, is an 
indecomposable injective right ideal of T with a simple socle and 
WT = x1 el T is faithful. Thus T is a right nonsingular right N-QF 3 ring 
and we have 
Sot T;= @ Soc(Ri,)kI = 0 Rn f2 Ri. = c TfA T, 
A 2. 1 
Sot rT= @ Soc,,(R,)= @ RAeAR,=x TeAT. 
1 1 .A 
Inasmuch as R is a two-sided essential product of the rings R, then both 
Sot T, and Sot rT are contained in R; thus R is a right nonsingular right 
N-QF 3 ring by Proposition 2.8 and [S, Proposition 4.15, p. 1181. 1 
Remark 2.12. The equivalence of conditions (l), (3), (4) of the above 
theorem was proved by Colby and Rutter in [2, Theorem 31, under the 
assumption that R is semiprimary. We also note that the equivalence 
between conditions (1) and (2) could be proved by applying [7, 
Theorem 123. 
We shall now generalize [3, Theorem 53 of Colby and Rutter, in order 
to obtain a similar result concerning right and left nonsingular, right and 
left N-QF 3 rings. 
LEMMA 2.13. If R is a right and left nonsingular, right and left QF 3 ring 
with homogeneous (right or left) socle, then R has a two-sided maximal ring 
of quotients which is simple artinian. 
Proof According to Corollary 2.7, R has essential and homogeneous 
right and left socles. Thus Q’(R) (resp. Q”(R)) is a right (resp. left) full 
linar ring. Since R is right and left QF 3, then Q’(R) = Q”(R) by [ 13, 
Proposition 4.5, p. 471 and the lemma is proved. 1 
THEOREM 2.14. Given a ring R, the following conditions are equivalent: 
(1) R is a right and left K-QF 3 ring and Z(R,) = 0. 
(2) R has a faithful right ideal Wand a faithful left ideal V, which are 
48119612-S 
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both direct sums of families of pairwise nonisomorphic indecomposable injec- 
tives, and End W, is a direct product of simple artinian rings. 
(3) R has a faithful right ideal Wand a faithful left ideal V, which are 
both direct sums of families of pairwise nonisomorphic indecomposable injec- 
tives, and Z( RR) = 0. 
(4) R is (isomorphic to) a subring of the direct product Q of a family 
(Qrd~s/i of simple artinian rings and R contains a faithful right ideal I and a 
faithful left ideal J of Q. 
(5) R is (isomorphic to) a subring of the direct product Q of a family 
(QJ.)A~A of simple artinian rings and, by identifying each Q, with a two-sided 
ideal of Q, R contains a minimal right ideal and a minimal left ideal of 
each Qr. 
(6) R has a two-sided maximal ring of quotients which is a direct 
product of simple artinian rings, Sot R,s R, and Sot .Rg nR. 
(7) R is a two-sided essential product of a family (R,),,, of right and 
left nonsingular, right and left QF 3 rings, each with homogeneous right and 
left socles. 
Proof (1) * (7). Suppose that R is a right and left N-QF 3 ring with 
Z(R,) = 0 and let W, = Cne ,, eAR, RV= Cve r Rf, be dominant as in the 
definition. According to Theorem 2.6 we have R W= Sot .Ra RR, 
VR = Sot R,q R,, and Z(,R) = 0; thus we may assume n = r, so that 
e, Rr E(fA R) and Rfnr E(Re,) for each 1 E A. By taking LA = l,(Rf, R) 
and Rn = R/LA, we can proceed as in the proof of the implication (1) * (6) 
of Theorem 2.11, in order to prove that R is a two-sided essential product 
of the rings Rn and each R, is a right and left nonsingular, right and left 
QF 3 ring with homogeneous right and left socles. 
(7) * (6). If (7) holds, then it follows from Lemma 2.13 that each RA 
has a simple artinian two-sided maximal ring of quotients Q,. Thus n, QA 
is a two-sided maximal ring of quotients of R by [5, Proposition 4.5, 
p. 1181. The proof that R has essential right and left socles is 
straightforward. 
(6) * (4). It follows from (6) that Z(R,) =0 =Z(.R) and 
End(Soc R,), = Q = End,(Soc RR), where Q is the two-sided maximal 
ring of quotients of R. This yields Sot RR = Q(Soc RR) and Sot RR = 
(Sot RR) Q. Being Sot RR projective and essential in R,, we infer that 
l,(Soc RR) =0 and then Io(Soc RR) = 0, since Rae,. Similarly we see 
that ro(Soc RR)=O and (4) holds with I= Sot nR and J=SOC R,. 
(4) => (5). First, Sot Q, = Sot oQ = @A Qn and the Q;s are precisely 
the homogeneous components of Sot Q. If Z, J are as in (4), then, for each 
A E A, we have In Q1 = ZQA # 0 and Jn Q, = QiJ# 0. Thus (5) holds. 
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(5) +- (4). It follows from (5) that, for each A. E A, there are two idem- 
potents el, fA E Q, such that I= xi en Q, J = xi. Qfn are contained in R. It is 
clear that both lo and eJ are faithful. 
(4) 3 (3). The existence of a faithfui right ideal and a faithful left 
ideal J of Q, both contained in R, implies easily that Rd QR and Ra RQ. 
Being Q a right and left self-injective Von Neumann regular ring, we infer 
that Q is a two-sided maximal ring of quotients of R, E(R,) = Q = E( RR) 
and Z(R,) = 0 = Z(.R). Now the Q,‘s are the homogeneous components 
of Sot Q and, for each 1 E A, ZQ, # 0 being I, faithful; then there is an 
idempotent eiE Ql such that enQ,=e,QcZc R and elQe is simple and 
injective. It follows that eiQR is injective and, being nonsingular, its 
endomorphism ring is elQe, = eAQAe,, which is a division ring. This shows 
that enQR is indecomposable. Now it is clear that the e,Q’s are pairwise 
nonisomorphic right ideals of R and W, = x1 en Q is faithful. In a similar 
way we can find a family (fA)AEn of pairwise nonisomorphic idempotents of 
R such that all the RRfi are injective and indecomposable and R V= XI RfA 
is faithful. 
(3)* (2). Condition (3) implies that there are two families (e,),,, 
and (f,),,rv each consisting of pairwise nonisomorphic local idempotents, 
such that e, R, and RRfy are injective for all I E A, y E: Z and W= Cn e, R, 
I’= C, Rf,,. Since Z( RR) = 0, according to Lemma 1.1 (applied to RV) we 
have Sot RR = VRc3 R, and Z(R,) = 0. Thus, for each 1 E A, e, R, is the 
injective envelope of a minimal right ideal and hence e,Re, is a division 
ring. We conclude that End W, is a direct product of division rings and (2) 
holds. 
(2) * (1). Assume that (2) holds. The argument developed in the 
proof of [lo, Proposition 5.41 shows that there are two families (en)icn 
and (f&-, both consisting of pairwise nonisomorphic and pairwise 
orthogonal idempotents of R, such that W= XI el R, V= C, Rf, and all 
the e 1 R R, RRfy are injective. By applying Lemma 1.1 to W, we see that 
RW = Sot .Ra RR and Z( RR) = 0. Consequently each Rf, has essential 
socle and in fact, being indecomposable injective, it, has a simple socle. We 
conclude that R is a left N-QF 3 ring and hence, by Theorem 2.4, 
Sot R,a R, and Z(R,) = 0. By applying the above argument to the left 
ideal V, we see that R is right N-QF 3 as well. 1 
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